The average distance µ(G) of a connected graph G of order n is the average of the distances between all pairs of vertices of G. We prove that if G is a λ-edge-connected graph of order n, then the bounds µ(G) ≤ 2n/15 + 9, if λ = 5, 6, µ(G) ≤ n/9 + 10, if λ = 7 and µ(G) ≤ n/(λ + 1) + 5, if λ ≥ 8 hold. Our bounds are shown to be best possible and our results solve a problem of Plesník [12] .
Introduction
Let G = (V, E) be a connected graph of order n. The average distance µ(G) of G is defined as µ(G) = n 2 −1 {x,y}⊂V d G (x, y), where d G (x, y) denotes the distance between the vertices x and y in G. The average distance has been investigated by several authors and under various names; for instance, Kouider and Winkler [8] , Favaron, Kouider, Mahéo [6] , Doyle and Graver [4] depict average distance as the mean distance; Wuchty and Stadler [16] use the term average path length; Bermond, Liu and Syska [1] use the term mean eccetricity; whilst Plesník [12] , Soltés [14] , work with the total distance of a graph and call it the transmission. The transmission differs from the average distance by only a factor of n(n−1) . The study of average distance seems to have been started by the chemist Wiener [15] in 1947, when he introduced the Wiener index W (G) of a graph G which differs from the average distance by a factor of n 2 , i.e., W (G) = n 2 µ(G). The applications of the Wiener index in physical chemistry are legion (see for example [7, 10, 13] for references); it has been used in the characterization of many different types of chemical species, including alkanes, alkenes and arenes. The Wiener index is also a tool for designing quantitative structureproperty relations in organic chemistry.
Several upper and lower bounds on the average distance in terms of other graph parameters are known. The edge-connectivity λ(G) of G is the minimum number of edges whose deletion from G results in a disconnected or trivial graph. We say G is k-edge-connected if λ(G) ≥ k. It has been proved (see for example, [9, 4, 5] ) that the average distance of a connected graph with n vertices is at most (n + 1)/3 and that this bound is attained only by the path of order n. Plesník [12] showed that this bound can be improved for a 2-edge-connected (2-vertex-connected) graph G of order n to µ(G) ≤ n 2 4 /(n − 1) and that this bound is achieved if and only if G is a cycle. He posed the problem of finding upper bounds on the average distance of a graph of given order and edge-connectivity. The goal of this paper is to find asymptotically sharp upper bounds on µ(G) for a graph G of given order and edge-connectivity λ. For λ ≥ 8, we obtain bounds as an immediate consequence of known bounds on the average distance in terms of order and minimum degree. For small values of λ, λ ∈ {3, . . . , 7}, the problem requires a more intricate analysis. In this paper we give asymptotically sharp bounds on µ for λ ∈ {5, 6, 7}. The cases λ ∈ {3, 4} will be considered in a subsequent paper [3] .
We use the following notation. Let G = (V, E) be a connected simple graph. For a subset S ⊆ V , G[S] denotes the subgraph induced by S in G and diam(S) is the maximum value of
denotes the set of all vertices adjacent to v in G and its cardinality is the degree of v in G and is denoted by deg G (v). We denote the closed neighbourhood of v by
We denote the cardinality of N i (v) by k i (v) and if the vertex v is understood we omit the argument v and simply write N i , k i . We denote the set ∪ 0≤j≤i N j (v) by N ≤i (v) and the set
A disconnecting (separating) set of G is a set of edges (vertices) of G whose removal increases the number of components of G. A vertex cutset of G is a separating set, S say, such that no proper subset of S is a separating set of G. A vertex v of G is a cutvertex if {v} is a separating set of G. A maximal subgraph of G with no cutvertex is called a block and an end block of G is a block of G that contains exactly one cutvertex of G. For vertex disjoint graphs G 1 , G 2 , · · · , G k , the sequential join G 1 + G 2 + · · · + G k is the graph obtained from the union of G 1 , . . . , G k by joining every vertex of G i to every vertex of G i+1 for i = 1, 2, · · · , k − 1.
Results on 8-Edge-Connected Graphs
Dankelmann and Entringer [2] proved that if G is a connected graph of order n and minimum degree δ, then µ(G) ≤ n/(δ + 1) + 5. An application of the well known inequality λ ≤ δ to this bound yields part (a) of the following proposition.
Proposition 1 Let G be a λ-edge-connected graph of order n.
The bound in (a), apart from the additive constant, is best possible for λ ≥ 8.
Proof: (b) Assume that λ ≥ 8. We show that the bound is sharp apart from the exact value of the additive constant. Given integers n, λ and k with n =
where
Clearly, since λ ≥ 8, G n,λ is λ-edge-connected. It is easy to show that, for constant λ and large n, µ(
Results on 5-Edge-Connected Graphs
Lemma 1 Let G be a 5-edge-connected graph with n vertices and let v be any vertex of G.
Proof: Let e be the eccentricity of v and note that
The lemma can easily be verified for e ≤ 4. Assume that e ≥ 5. Since G is 5-edge-connected,
Hence it is easy to see that
Let (a 0 , a 1 , · · · , a e ) be a sequence that maximizes (1) subject to ( * ). We first show that we can assume that a i > 1 for i = 2, . . . , e − 1. If a 2 = 1, then since e ≥ 5 and a 3 ≥ 5, the sequence (b 0 , b 1 , · · · , b e ) given by b 2 = 2, b 3 = a 3 − 2, b 4 = a 4 + 1, and b i = a i otherwise, also maximizes (1) subject to ( * ). Hence we can assume that a 2 > 1. Now we show that a i > 1 for i = 3, . . . , e − 1. If this were false, let s, 3 ≤ s ≤ e − 1, be the smallest integer for which a s = 1. Let (b 0 , b 1 , · · · , b e ) be the sequence given by (i)
This, in conjunction with b s−2 = a s−2 ≥ 2, yields that the sequence (b i ) satisfies ( * ), and, moreover
ib i , contradicting our choice of the sequence (a i ). Therefore, we can assume that a i ≥ 2 for all i = 2, 3, . . . , e − 1.
Hence we maximize (1) subject to the conditions:
Clearly for fixed e, (1) is maximized, subject to these conditions, for
if e is even, (1, 5, 2, 3, 2, 3, · · · , 2, 3, 2) if e is odd,
if e is even,
By ( * ),
if e is even, 
Proof: Suppose to the contrary that for some a,
2 Definition 1 Let G be a 5-edge-connected graph and v a vertex of G. We say that (N l , N l+1 , N l+2 ), where 22
Clearly, if a vertex v with ex G (v) ≥ 46, has no forbidden separating triple, then for all i ∈ {22, . . . , ex G (v) − 24} we have that k i + k i+1 + k i+2 ≥ 12. This will allow us to show that the distance of a vertex v with no forbidden separating triple is small and bounded by a term of the form Proof: Denote the eccentricity of v by e, where e is fixed. We first show that σ G (v) ≤ en − 2e 2 + 33e + 34.
As above
Since G is a 5-edge-connected graph and v has no forbidden separating triple, the sequence (k i ) satisfies the conditions: k 1 ≥ 5; k e−1 + k e ≥ 6; k i ≥ 1 for i = 0, 1, . . . , e; k i + k i+1 ≥ 5 for i = 0, 1, . . . , 20, i = e − 21, . . . , e − 1; k i + k i+1 + k i+2 ≥ 12 for i = 22, 23, . . . , e − 24 and and we obtain We first establish an upper bound on distance for blocks.
Theorem 3 Let G be a 5-edge-connected block of order n. Then
Proof: Let v be a vertex of G of largest distance and let e be its eccentricity. For e ≤ 45, the result is obtained as follows. If, on one hand, n ≤ 116, then the second part of Lemma 1 yields the desired bound by a simple calculation. If, on the other hand, n ≥ 117, then we have 15 n + 9) for n ≥ 117, it follows that σ(G) ≤ nσ G (v) ≤ n(45n − 2619) ≤ n(n − 1)( 2 15 n + 9) for all n. Thus the result holds.
So assume that e ≥ 46 and hence n ≥ 119. If v has no forbidden separating triple, then summing σ G (v) for all v we obtain the result by Lemma 2.
If v has a forbidden separating triple, we prove the theorem by induction on the order n of G. For n ≤ 143, the result follows by the second part of Lemma 1. So assume that n ≥ 144 and that the result holds for any 5-edge-connected block with less than n vertices. Since v has a forbidden separating triple, let N α , 23 ≤ α ≤ e − 23, be chosen in accordance with Proposition 2, that is, diam(N α ) ≤ 2 and 2 ≤ k α ≤ 7. Let K 5 be a copy of the complete graph with 5 vertices such that V (G) ∩ V (K 5 ) = ∅. Denote the vertex set of K 5 by A = {a 1 , . . . , a 5 }. We form a new graph H, from G ∪ K 5 by attaching K 5 to N α , that is, by joining every vertex in N α to every vertex in K 5 .
Let
The proof of the following claim is elementary.
Note that G 1 and G 2 have N α ∪ A in common. Hence, letting |V (G i )| = n i , i = 1, 2, we obtain
Note also that n 1 ≥ |N ≤α |+|A| ≥ (k 0 +k 1 )+· · ·+(k 20 +k 21 )+k 22 +k α +5 ≥ 63 + k α . Analogously, n 2 ≥ |N ≥α | + |A| ≥ 63 + k α . It follows from (5) , that
We bound σ(G 1 ) and σ(G 2 ) using induction. It is easy to verify that Claim 2 G 1 and G 2 are 5-edge-connected blocks.
We now find bounds on the terms in Claim 1. First, note that
Now, let a be a fixed vertex in N α . Then
We find lower bounds on X and Y . Note that for i = 1, 2, . . . , 5,
Analogously,
Using induction, we have σ(G i ) ≤ n i (n i −1) 2 15 n i + 9 , whereas by Lemma 1 we have σ Gi (a) ≤ 
Denote the term in curly brackets of the right hand side of the last inequality by f (n 1 , n 2 ). It is sufficient to show that, subject to 63
This, in conjunction with (5), yields f (n 1 , n 2 ) ≤ n( and thus from 2 ≤ k α ≤ 7 we obtain f (n 1 , n 2 ) ≤ 601448 15 − 920 3 n ≤ 0 for all n ≥ 131, as desired.
2
We now show that the upper bound on the distance proved above for 5-edge-connected blocks holds for all 5-edge-connected graphs.
Theorem 4 Let G be a 5-edge-connected graph of order n. Then
Apart from the additive constant, this inequality is best possible.
Proof: We prove this result by induction on the number of blocks in G. If G is a block then the result follows by Theorem 3. So assume that G has at least 2 blocks. We prove the equivalent statement
Let G 1 be an end block, G 2 be the union of the other blocks, and u be the unique common vertex of G 1 and G 2 . For i = 1, 2, let n i = |V (G i )|. Then the relation n 1 + n 2 − 1 = n holds. By definition,
Clearly, G 1 and G 2 are 5-edge-connected. Thus, by induction, σ(G i ) ≤ n i (n i − 1) }. Denote the term in curly brackets of the right hand side of the last inequality by f (n 1 , n 2 ). We show that f (n 1 , n 2 ) ≤ 0 for all n 1 , n 2 ≥ 6. Clearly, (n 1 − 6)(n 2 − 6) ≥ 0; hence n 1 n 2 ≥ 6(n 1 + n 2 ) − 36. This, in conjunction with n 1 + n 2 − 1 = n, yields f (n 1 , n 2 ) ≤ Note that if n = 6, then G = K 6 , and the result holds.
We now show that, apart from the additive constant, the bound is best possible. Given integers n, k with n = 1 2 (5k + 9), k ≥ 5 odd, let
Clearly, G n is 6-edge-connected (and thus 5-edge-connected) of order n. Straightforward calculations show that
Since every 6-edge-connected graph is also 5-edge-connected and since the graph G n defined above is 6-edge-connected, the following theorem becomes immediate.
Theorem 5 Let G be a 6-edge-connected graph of order n. Then
Apart from the additive constant, this inequality is best possible. 2
Results on 7-Edge-Connected Graphs
We now focus our attention on 7-edge-connected graphs.
Lemma 6 Let G be a 7-edge-connected graph with n vertices and let v be an arbitrary vertex of G.
Proof: Let e be the eccentricity of v. Then
The lemma can easily be verified for e ≤ 4. Assume that e ≥ 5. Since G is 7-edge-connected and as in the proof of Lemma 1, we have
Let (a 0 , a 1 , · · · , a e ) be a sequence that maximizes (11) subject to ( * ). We first show that a i > 1 for i = 2, . . . , e−1. If this were not true, let s, 2 ≤ s ≤ e−1, be the smallest integer for which a s = 1. First assume that s ≥ 3. Let again contradicting our choice of the sequence (a i ). Therefore, a i ≥ 2 for all i = 2, . . . , e − 1. Hence we maximize (11) subject to the conditions: k 1 ≥ 7, k i ≥ 2, k i +k i+1 ≥ 6 for i = 1, 2, . . . , e−1, k e−1 +k e ≥ 8, e i=0 k i = n.
Clearly for fixed e, (11) is maximized, subject to these constraints, for (k 0 , k 1 , · · · , k e−1 ) = (1, 7, 2, 4, 2, 4, · · · , 2, 4) if e is even, (1, 7, 2, 4, 2, 4, · · · , 2, 4, 2) if e is odd.
As in the proof of Lemma 1, we obtain σ G (v) ≤ 1 6 (n 2 − 6n + 27), as desired. The second part also follows similarly.
The proposition below is an analogue to Proposition 2. Its proof is similar, so we omit it.
Proposition 3 Let G be a 7-edge-connected block and v a vertex of G.
If for some l, 1 ≤ l ≤ ex G (v) − 3, we have k l + k l+1 + k l+2 ≤ 15, then diam(N l+1 ) ≤ 2 and 2 ≤ k l+1 ≤ 11.
Definition 2 Let G be a 7-edge-connected graph and v a vertex of G. We say that (N l , N l+1 , N l+2 ), where 22 ≤ l ≤ ex G (v) − 24, is a forbidden separating triple of v if k l + k l+1 + k l+2 ≤ 15.
The bound on the distance of a vertex of G with no forbidden separating triple is given below. Its proof is analogous to the proof of Lemma 2. Theorem 8 Let G be a 7-edge-connected block of order n. Then µ(G) ≤ 1 9 n + 10.
Proof: Let v be a vertex of G of largest distance and let e be its eccentricity. If e ≤ 45, then the result is obtained as follows. If, on one hand, n ≤ 142, then by the second part of Lemma 6, σ(G) ≤ 
